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A planar Josephson junction with a normal metal attached on its top surface will form a hollow
nanowire structure due to its three dimensional nature. In such hollow nanowire structure, the
magnetic flux induced by a small magnetic field (about 0.01T) will tune the system into topologically
non-trivial phase and therefore two Majorana zero-modes will form at the ends of the nanowire.
Through tuning the chemical potential of the normal metal, the topologically non-trivial phase can
be obtained for almost all energy within the band. Furthermore, the system can be conveniently
tuned between the topologically trivial and non-trivial phases via the phase difference between the
superconductors. Such device, manipulable through flux, can be conveniently fabricated into desired
2D networks. Finally, we also propose a cross-shaped junction realizing the braiding of Majorana
zero-modes through manipulating the phase differences.
PACS numbers: 74.45.+c, 85.75.-d, 74.78.-w
Introduction — Majorana zero-mode (MZM), the most
promising candidate for topological quantum computa-
tion [1, 2], the search for its hiding place, topological
superconductor (TSC) platforms has become one of the
most exciting research areas in the past decade. Con-
siderable theories [3–12] and experiments [13–24] have
contributed to the realization of TSC to date. A large
number of systems, including semiconductor nanowires
[13–18], ferromagnetic atomic chains [19, 20], and vor-
tices on the surface of 3D topological insulators [21], will
exhibit signals of MZMs in the presence of superconduc-
tivity proximity effect. Furthermore, evidences for MZM
have also been reported for vortex in an intrinsic TSC
based on iron-based superconductor [22–24]. However,
the formation of MZMs at the ends of 1D nanowires or
in the vortex cores on 2D surface is only the first step
towards the realization of topological quantum compu-
tation. A promising candidate system for topological
quantum computation should possess following advan-
tages simultaneously. First of all, considering the braid-
ing process of MZMs, the system should be manipula-
ble and could be easily tuned between topologically triv-
ial and non-trivial phases. In previous semiconductor
nanowires, the topology can only be tuned by gate volt-
ages which generally require a high level of sophistica-
tion [25–27]. Secondly, the spatial scale of the system
should be suitable to fabricate circuits for quantum com-
putation, therefore the vortex systems are obviously not
good choices. Thirdly, a large and hard gap is also in-
dispensable for the manipulation of MZMs which usually
requires a weak magnetic field [28]. Therefore, though
great progress has been made in the last decade, the de-
sired high quality TSC systems still remain to be ex-
plored.
A recent progress points out that through patterning
the TSC into a planar Josephson junction on a two di-
mensional electron gas (2DEG) [29, 30], we can conve-
niently fabricate a network structure and tune the topol-
ogy through the phase differences. In addition, by tun-
ing the difference between superconducting phases, the
required magnetic field can be reduced. Such structure
almost meets all the requirements of topological quan-
tum computation, therefore it has drawn great attention
and has recently been experimentally realized [31, 32].
However, a relatively large magnetic field is still required
as shown in the experiments. In the presence of large
magnetic field, a small tilt of the magnetic field may
destruct the band gap as well as the topological phase.
Furthermore, the topologically non-trivial region is only
presented in a small range of energy at the bottom of
the band, which is determined by the spin-orbit coupling
energy [30]. For these reasons, an improved version for
such planar Josephson junction is highly needed.
In this paper, we propose a modified planar Josephson
junction structure as depicted in Fig. 1(a). Through at-
taching a normal metal on the top surface of the planar
Josephson junction, the system is confined to a hollow
nanowire structure in the junction. Then a weak mag-
netic field (smaller than 0.1T in principle) is threaded
along the hollow nanowire, where the magnetic flux can
tune the system into TSC phase [33, 34] and therefore
two MZMs appear at the ends of the nanowire. The
normal metal also provides an additional free parameter
that through tuning its chemical potential, the topologi-
cally non-trivial phase can be obtained for almost all the
energy within the band. Besides, the topologically non-
trivial phase is found to be more stable in the band center
than in the band bottom. Such hollow nanowire also in-
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FIG. 1: (a) A schematic setup for a normal metal attached on
a planar Josephson junction to form a superconductor-hollow
nanowire-superconductor system. (b) The device shown in
(a) can be simplified into a hollow nanowire structure (cross
section view). (c) The energy spectrum of the rectangular
hollow nanowire structure [shown in (b)] with Rashba SOC
along the radial direction at φ = 0.25φ0. The degeneracy
of the bands is lifted by threading a flux. (d) The energy
spectrum of the rectangular hollow nanowire structure with
Rashba SOC only presented at the bottom surface with φ =
0.25φ0. (e) The band energy at py = 0 versus the magnetic
flux. The system is even occupied in the absence of flux, while
the degeneracy is lifted with the increase of flux. In (c)-(e),
the sizes of the hollow nanowire are W = 5a and H = 5a.
herits the advantages of the previous planar Josephson
junction. Through manipulating the phase difference be-
tween the two sides of the Josephson junction, the sys-
tem can turn from topologically trivial to topologically
non-trivial phase and vice versa [35]. Such structure,
tunable through flux, can be easily fabricated into a 2D
network. In comparison, in the previously proposed pla-
nar Josephson junction or semiconductor nanowire, the
TSC can only be spatially extended along one direction.
Lastly, we also suggest a cross-shaped junction to realize
the braiding of MZMs.
Model of the proposed device — As depicted in Fig.
1(a), the bottom layer of the proposed device is a 2D
semiconductor with Rashba spin-orbit coupling (SOC),
and two superconducting bulks cover the left and right
side of the 2DEG, respectively. Besides, a metal layer
connects these two superconducting bulks through their
top surfaces. The corresponding Hamiltonian has the
FIG. 2: Topological phase diagram of the hollow nanowire
structure as functions of the chemical potential in the bottom
surface µ and the flux φ, where the topology is determined
by the ZBP. ∆ = 0.1meV, phase difference ϕ = 0, and the
sizes H = 5a, W = 5a. Rashba SOC is presented only at
the bottom surface of the rectangular hollow nanowire. (a)
µn = −4t+ 30∆; (b) µn = −4t+ 16∆, and the topologically
non-trivial region is significantly changed compared with (a).
(c) The ZBP versus µn and the energy of the incident electron
E with µ = −4t+ 46∆. With the decrease of µn, the number
of MZM pairs reduces from 3 to 1, and finally reduces to 0.
form of:
H2DEG =
∑
i,d,α
(−t0ψ†i+d,αψi,α + h.c.)− µψ†i,αψi,α
−
∑
i,d,α,β
iURψ
†
i+d,αzˆ · (~σ × d)αβψi,β ,
Hs,bulk =
∑
i,d,α
(−t0ψ†i+d,αψi,α + h.c.)− µψ†i,αψi,α
+
∑
i,α
∆eiϕsψ†i,αψ
†
i,−α + h.c.,
HN =
∑
i,d,α
(−t0ψ†i+d,αψi,α + h.c.)− µnψ†i,αψi,α.
(1)
Here, H2DEG is the 2DEG’s Hamiltonian with Rashba
SOC which is presented only at the bottom layer. Hs,bulk
with s = L (R) is the Hamiltonian of the left (right) su-
perconducting block which lies at x > W/2 (x < −W/2)
(W is the width of the junction). HN is the Hamilto-
nian of the normal metal on the top layer, µ and µn are
the chemical potentials in 2DEG and the normal metal,
respectively, which can be tuned by gate voltages. In
addition, the phases of the superconducting order pa-
rameter ∆eiϕs can be different for these two supercon-
ducting bulks (here we set ϕL = ϕ/2 and ϕR = −ϕ/2).
Furthermore, i denotes the lattice site, and d is the vec-
tor connecting the nearest neighbor sites, α and β are
the spin indices. UR is the Rashba SOC strength, ∆
3is the superconducting pairing amplitude, and t0 is the
hopping amplitude. Considering that a weak magnetic
field B is presented along the y-direction, then a flux
φ = BWH/φ0 threading the hole is induced and t0 is
modified into t0e
iφ for −W/2 < x < W/2, where H is the
height of the junction and the flux quantum φ0 = h/2e.
The proposed device can be simplified into a hollow
nanowire as shown in Fig. 1(b). Let us consider a rectan-
gular hollow nanowire structure with hight H and width
W , the surface of the nanowire can be described by two
coordinates (s, y), where s is periodic coordinate along
the angular direction of the nanowire, and y is along
the longitudinal direction. We first consider a simple
case with Rashba SOC pointing perpendicular to the
surface of the nanowire. Then the effective Hamilto-
nian of the hollow nanowire reads Hs =
(ps−eAs)2+p2y
2m∗ +
UR[σy(ps−eAs)−σxpy]. Due to the antiperiodic bound-
ary condition along the s-direction [36], ps = (n −
1/2)pi/(H + W ) where n ∈ Z, and the spectrum is
Epy,n,± = [(n−1/2−φ/φ0)pi/(H+W )]2/2m∗+p2y/2m∗±
UR
√
[(n− 1/2− φ/φ0)pi/(H +W )]2 + p2y. The modes in
such spectrum are always even occupied at φ/φ0 = 0.
While for φ/φ0 6= 0, the magnetic flux plays the role
of effective Zeeman field [33] and removes their degener-
acy. The system becomes topologically non-trivial in the
condition that the modes’ occupancy number becomes
odd in the presence of superconducting pairing term. As
shown in Fig. 1(c), the odd occupancy appears at py = 0
when the energy E increases from a black line mode to a
red line mode (indicated by blue dashed line).
Remarkably, the magnetic flux also plays the role of
effective Zeeman field when the Rashba SOC is only
non-zero at the bottom surface [see Fig. 1(a)]. In such
condition, the energy window for odd occupancy is still
quite large as indicated by blue dashed lines shown in
Fig. 1(d). What’s more, in the presence of homoge-
neous Rashba SOC, if we add two superconductors on the
both sides of the hollow nanowire, then the system can
be viewed as two parallel superconductor-semiconductor-
superconductor Josephson junction. In the presence of
magnetic flux, the two MZMs at the bottom and the
top surface will hybridize with each other and destroy
the topological phase. These troubles can be solved by
introducing an inhomogeneous Rashba SOC term, for ex-
ample, the Rashba SOC is only non-zero at the bottom
surface [see Fig. 1(a)]. To further study the influence of
magnetic flux when Rashba SOC is only non-zero at the
bottom surface, we show the energy spectrum at py = 0
versus the flux in Fig. 1(e), where the doubly degener-
ate states split with the increase of the magnetic flux. It
indicates that the magnetic flux serves as an effective Zee-
man field here. Moreover, such effective Zeeman field is
proportional to (n− 1/2− φ/φ0)pi ∗UR/(H +W ), hence
the effective Zeeman field is larger in higher subbands,
which is quite different from the real Zeeman field in-
ducing same splitting strength for all modes. For higher
chemical potential, the topologically non-trivial region
will be suppressed and the gap in the topologically non-
trivial region tends to collapse due to the large spacing
between subbands. To stabilize the topologically non-
trivial phase in such case, larger real Zeeman field, in
another word, larger magnetic field is usually required.
However, the larger magnetic field would suppress the
superconductivity and destroy the TSC. Therefore, mag-
netic flux playing the role of effective Zeeman field show
great advantages in the high chemical potential case. The
parameters we adopted in Fig. 1(c)-(e) are drawn from
experiments [32]: m∗ = 0.033me and UR = 34meV·nm.
(Actually, the topologically non-trivial phase appears in
a wide range of the size parameters, see Supplemental
Material [37].)
Manipulable topology and stable gap — We have shown
that the flux can serve as an effective Zeeman field and
display great advantage in the condition of high chemi-
cal potential. Let us further study the topological phase
diagram of the hollow nanowire system in the presence
of superconducting pairing term. Here we set the super-
conducting pairing strength at both the left and right
superconductor bulks as ∆ = 0.1meV. Fig. 2(a) shows
the phase diagram of the system as a function of flux
φ and chemical potential µ. Due to the presence of an
additional mirror-symmetry about the y − z plane, the
system belongs to class BDI and may supports N pairs of
MZM at the ends of the wire. Here we use the zero-bias
peak (ZBP) [38, 39] to indicate the topology, since the
ZBP is N 2e
2
h when N pairs of MZMs are presented in the
system [37]. We can see that the topologically non-trivial
region is always presented for any chemical potential. In
the condition of high chemical potential, the gap tend
to collapse if µ = µn, which is the same as the previous
planar Josephson junction. However, such disadvantage
can be overcome by manipulating the chemical potential
µn. Though further lower the chemical potential in the
top surface would reduce the topologically non-trivial re-
gion [Fig. 2(b)], the bulk gap increases with the decrease
of µn. Fig. 2(c) further shows the ZBP versus µn and
the energy of the incident electron E in the condition of
µ = −4t + 46∆. With the decrease of µn, the ZBP de-
creases from 3 to 1, and finally decreases to 0. It means
that µn provides an efficient way tuning the topology.
In addition, the coherence peak of the bulk increases
monotonously with the decrease of µn. Hence, a large
and hard gap can be obtained by tuning µn.
Another advantage inherited from the previous pla-
nar Josephson junction is that its topology can be easily
tuned by modulating the phase differences ϕ. Fig. 3(a)
shows the ZBP versus the flux φ and the chemical po-
tential µ in the condition of ϕ = pi and µn = −4t+ 16∆.
Comparing with Fig. 2(b), the center of the topologically
non-trivial region shifts from φ = 0.5φ0 to φ = 0. The
phase ϕ effectively adds a half flux-quantum vortex, since
4φ/π
FIG. 3: (a) ZBP versus the chemical potential in the bottom
surface µ and the flux φ with µn = −4t + 30∆, ϕ = pi. The
topology is significantly altered with the variation of the phase
difference. (b) The ZBP versus phase difference ϕ and the
energy of the incident electron E with µ = −4t+ 46∆, µn =
−4t+ 15∆, and φ = 0.1φ0.
the flux between the two superconductors will alter the
phase difference between these two superconductors and
vice versa. Therefore, through manipulating the phase
difference ϕ between the two superconducting bulks, we
can easily tune the system between topologically trivial
and non-trivial phases. Such manipulation is clearly ex-
hibited in Fig. 3(b), which shows the ZBP versus the
phase difference ϕ and energy of the incident electron E
at φ = 0.1φ0. The ZBP appears at ϕ = 0.5pi, indicating
that the system transforms from topologically trivial to
topologically non-trivial phase at ϕ = 0.5pi.
Non-Abelian braiding through cross-shaped junction
— In the previous 2D planar Josephson junction or
semiconductor-superconductor nanowire, the magnetic
field can only be presented along one direction, hence
a desired network structure composed of MZMs can only
be constructed through parallel alignment [40, 41]. For
hollow nanowire Josephson junction, on the contrary, the
weak magnetic field could be presented along both the x
and y directions [For the typical parameters adopted in
Fig. 3(b), the required magnetic field is about 0.01T to
generate a flux of 0.1φ0]. Thus, any 2D network struc-
tures, such as the honeycomb lattice or square lattice
structure composed of MZMs can be easily constructed
[42, 43].
To demonstrate such network structures, we propose a
cross-shaped junction supporting the braiding of MZMs.
As shown in Fig. 4, the blue squares are conventional
superconductors on the top surface of the 2DEG, and
the cross-shaped junction (covered by metal) is exhib-
ited by the yellow and orange regions. The correspond-
ing junction becomes topologically non-trivial when the
phase difference is ϕ0, while topologically trivial when the
phase difference is 0 (the flux through the cross section of
the junction is fixed). Fig. 4(a) shows the initial condi-
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FIG. 4: Cross-shaped junction for non-Abelian braiding. (a)
Initially, two pairs of MZMs are prepared through modulating
the phase differences. The corresponding junction is topolog-
ically non-trivial when the phase difference is ϕ0, while topo-
logically trivial when the phase difference is 0. (b) Moving
MZM γ4 to another junction by manipulating the phase dif-
ferences. (c) Moving MZM γ2 to the original position of γ4.
(d) Moving MZM γ4 to the original position of γ2.
tion where two pairs of MZMs are located at the left side
and upper side of the cross-shaped junction, respectively,
by manipulating the phase differences. Then we firstly
move a MZM γ4 down to the bottom by tuning the phase
differences of each superconducting bulk as shown in Fig.
4(b). After that, we can move γ2 to the original position
of γ4 as shown in Fig. 4(c). Finally, as shown in Fig.
4(d), γ4 is moved to the original position of γ2 so that
the spatial positions of γ2 and γ4 are swapped. We can
conveniently braid any pair of MZMs in such structure.
For example, if we want to swap the spatial positions of
γ2 and γ3 in Fig. 4(a), we can move both γ3 and γ4 to
the bottom of the junction at first, the following process
is similar as the previous process for braiding γ2 and γ4.
The manipulability of such TSC shows great advantages
compared with the previous devices.
Discussion — We have shown the possibility of con-
structing TSC by hollow nanowire Josephson junction in
the presence of a very weak magnetic field. Such junction
provides an additional free parameter manipulating the
topology as well as the bulk gap of the system. In addi-
tion, the topologically non-trivial region is presented in
all energy within the band, and the topology of such TSC
can be easily tuned by the phase differences between the
superconductors.
In the following, we would like to put forward sev-
eral advices which would be helpful for experimental re-
alization. First, the width of the junction, especially the
width of the upper surface should be small, since the large
momentum mismatch between the parts with and with-
out Rashba SOC will induce a large bulk gap and supress
the additional multi-MZMs. Thus, a trapezoid structure
5might be better than the rectangular structure since it
will give rise to larger Thouless energy in the upper sur-
face. Second, the effective Zeeman energy induced by
the flux is typically in the order of piUR/(H +W ), which
means that a large Rashba SOC would favor the forma-
tion of TSC. For conventional semiconductor nanowire
or 2DEG, the Rashba SOC strength is in the range of
10 ∼ 35meV·nm [44], which is generally large enough
to induce topologically non-trivial phase. Finally, we
would like to point out that an ideal planar Josephson
junction only works well in the limit that the supercon-
ducting bulks narrowing down to the nanowire scale [37].
A thick superconductor would induce a large self-energy
and weaken the effective Zeeman field term.
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